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Abstract A nice and interesting property of any pure tensor-
product state is that each such state has distillable entangled
states at an arbitrarily small distance ε in its neighbourhood.
We say that such nearby states are ε-entangled, and we call
the tensor product state in that case, a “boundary separable
state”, as there is entanglement at any distance from this
“boundary”. Here we find a huge class of separable states that
also share that property mentioned above – they all have ε-
entangled states at any small distance in their neighbourhood.
Furthermore, the entanglement they have is proven to be dis-
tillable. We then extend this result to the discordant/classical
cut and show that all classical states (correlated and uncor-
related) have discordant states at distance ε , and provide a
constructive method for finding ε-discordant states.
Keywords quantum computing and quantum information,
entanglement, distillability, discord.
1 Introduction
Studying the structure of the set of quantum states has been
a central topic in quantum information research (Bengts-
son and Z˙yczkowski 2006). Particular emphasis is on the
tensor product structure of this space in terms of entangle-
ment (Horodecki et al 2009) and general correlations (Modi
et al 2012; Brunner et al 2014; Groisman et al 2007). The
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study has lead to the identification of important families of
states such as Werner states (Werner 1989), bound entangled
states (Horodecki 1997; Bennett et al 1999b), and the W-
states (Du¨r et al 2000), as well as interesting sets of bases
such as unextendable product bases (UPB) (Bennett et al
1999b) and locally indistinguishable bases (Bennett et al
1999a).
One method which has been particularly powerful in the
study of state-space is interpolation, i.e.studying the states
that lay between two known states with different properties.
Interpolation has been used in the study of robustness to
various types of noise (Vidal and Tarrach 1999) and learning
about the ball of separable state (Braunstein et al 1999). The
complementary method, extrapolation, has also been used in
some cases for example in the study of non-signaling theories
(Acı´n et al 2010) where trace one Hermitian operators with
negative eigenvalues were required for larger than quantum
violations of Bell inequalities.
Here we use both extrapolation and interpolation1 to
study the boundaries between various subsets of quantum
spaces with particular emphasis on boundary separable states -
separable states that are arbitrarily close to an entangled state
cf. Definition 1.
Any pure tensor product state has entangled states near
it, at any distance (i.e. arbitrarily close), making it boundary
separable (cf. corollary 19) . Another simple example of a
boundary separable state is a Werner-state λ/3[ρψ+ +ρϕ+ +
ρϕ− ] + (1− λ )[ρψ− ] (built from the four Bell states) with
λ = 1/2 which has entangled states near it, at any distance.
Is the property of being separable yet having entangled
states nearby at any distance common? Or is it rare? Fur-
thermore, what can we learn about the type of entanglement
that those nearby entangled states have? For two qubits, it
1 A preliminary version of this work (without discordant states) ap-
peared in TPNC-2014 (Boyer and Mor 2014).
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is known (Horodecki et al 1997) that the entanglement is
always distillable. For qudits, cf proposition 18.
Our main result is a number of families of boundary sep-
arable quantum states. We show that states in these families
are arbitrarily close to distillable entangled states and give
a constructive method for identifying these states. We also
provide similar results for discord (cf. Corollary 23 for exam-
ple), showing that all classical states (classically correlated
and uncorrelated) are boundary classical (in fact there is a
discordant and thus non classical state arbitrarily close) and
providing a constructive way to find an arbitrarily close dis-
cordant state. Our results are presented in order of complexity
starting from two qubit examples and continuing to more gen-
eral results involving qutrits, qudits and multi-qubit systems.
In most cases the results are presented through examples. The
general implications are discussed at the end of each section.
1.1 The set of quantum states
Given a Hilbert spaceH , the set of quantum states (i.e.the
set of positive semidefinite trace one Hermitian operators)
onH is convex. If the Hilbert space has a physically mean-
ingful tensor product structureH =HA⊗HB it is useful
and interesting to consider subsets of states based on this
structure. These subsets are often not convex and are hard to
characterize. In the work presented here we will use convex
and affine mixtures of states to study the states that lay at the
boundary of these subsets.
One important subset of states is the set of pure states
|Ψ〉〈Ψ | (i.e.states of rank 1). In this set we identify a smaller
subset of pure product states of the form |Ψ〉〈Ψ |= |ψ〉〈ψ|⊗
|ϕ〉〈ϕ|. All pure states that are not product are called entan-
gled pure states. Pure states are extremal points in the set of
all states.
There are various ways to similarly divide the set of
all states. One division is into the complementary subsets:
separable states and entangled states. For any bipartite system
whose Hilbert spaces are of dimension at least 2, both sets,
entangled and separable, have a finite volume in the set of
all states (Horodecki et al 2009). The set of entangled states
is not convex and in general it is hard to identify whether a
state is entangled or separable (Gurvits 2003). At the border
between separable and entangled states are the boundary
separable and ε- entangled states. Some properties of this
boundary were previously studied in relation to non-linear
entanglement witnesses (Gu¨hne and Lu¨tkenhaus 2007) where
it was shown that the set of all separable states is not a
polytope (see also Horodecki et al (2009)). Our main results
are specific families of boundary separable and ε-entangled
states; some of these families such as those close to thermal
states are of particular importance in quantum computing.
There are a number of physically meaningful ways to divide
the set of entangled states. One that we will use here is to
Fig. 1 The set of quantum states is convex. A convex subset of those
states are separable and its (non-convex) complement is the set of entan-
gled state, at the boundary are the boundary separable states. Separable
states are mostly dissonant (discordant and separable), the remainder are
classical states with respect to A ( correlated or uncorrelated). All classi-
cal states are boundary classical, but some are also boundary separable.
divide the set into two disjoint subsets, distillable and bound-
entangled states. A state ρ is distillable if it is possible to
distill many copies of ρ into a maximally entangled state.
Clearly separable states cannot be distilled, but surprisingly
there are entangled states that cannot be distilled. These are
known as bound entangled states. It is known that states
with a non-positive partial transpose are bound entangled,
similarly if the total dimension of the Hilbert space is not
larger than 6, all entangled states are distillable (and have
non-positive partial transpose) (Horodecki et al 2009).
A different classification of the set of all states is into the
complimentary subsets: Discordant states and states that are
classical with respect to A (Modi et al 2012), the latter are
sometimes called classical-quantum (see Sec. 2.5 for precise
definitions). For simplicity we use CA to denote the set of
states that are classical with respect to A and note that the
set of classical states, i.e.those that are classical with respect
to both A and B, are a subset of CA. The set of discordant
states is CA. The classification into CA and CA shares some
properties with the classification of pure states. For exam-
ple, like the set of pure product states which is vanishingly
small in the set of all pure states (i.e.it requires strictly fewer
parameters to characterize a pure product state than to char-
acterize a generic pure state), the set CA is vanishingly small
in the set of all states (Ferraro et al 2010). Moreover, for
pure states, discord and entanglement coincide. However,
in general we can only say that entangled states are always
discordant and classical states (with respect to A, B or both)
are always separable. There is, an intermediate regime of
discordant-separable or dissonant states (Modi et al 2010)
(see fig. 1). As we will show below, all classical states (with
respect to A, B or both) are also boundary classical, i.e. a state
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is either discordant or there is a discordant state arbitrarily
close to it.
Although discord refers to a specific quantity (Ollivier
and Zurek 2001) other similar quantities exist (Modi et al
2012). Like entanglement monotones each measure has its
own domain but generally there is an unambiguous way to
quantify states as uncorrelated (product), classically corre-
lated, dissonant (discordant and separable) and entangled
(Modi et al 2012). A caveat on the last statement is that in
general discord-like measures are not necessarily defined to
be symmetric with respect to the parties involved and the
cut between discordant and classical depends on this choice.
Here we mostly consider the asymmetric versions that were
discussed in the early literature, in particular the sets CA and
CA; however all of our results apply to the various symmetric
versions of discord in Modi et al (2012).
A final classification is in terms of the eigenvectors of the
state. A state has a product eigenbasis2 if it can be diagonal-
ized in an orthonormal basis of product states. Surprisingly
the decomposition of a state into eigenstates is not suffi-
cient to tell us about entanglement or discord. In general
non-degenerate separable states can have a non-separable
eigenbasis (Groisman et al 2007). On the other hand a discor-
dant state can have a product eigenbasis.
2 Notations and Terminology
2.1 General notation
In the majority of cases below we consider bipartite states
as operators on a Hilbert space HA ⊗HB (in Sec. 6 we
also consider mulitipartite systems). We use T to denote the
transpose map, similarly (T⊗ I) denotes partial transposition
on A. Distance between two states ρ and τ will be given by
the trace distance δ (ρ,τ) = 12 Tr|ρ− τ|.
2.2 Entanglement and separability
A convex mixture of pure states is called mixed. A quantum
state ρ on HA⊗HB is called a product state if it can be
decomposed into ρ = ρA⊗ρB, where ρA and ρB are states
onHA andHB respectively; ρ is called separable if it can be
decomposed into a convex sum of product states, otherwise
it is called entangled (cf Appendix A). Product states are also
separable.
2 The term product basis should not be confused with the classical
basis of (Groisman et al 2007) which is a product of local bases, rather
than a basis of product states.
2.3 Boundary Separable States and ε-Entangled States
Definition 1 A boundary separable state is a separable state
ρb such that for any ε > 0, there is an entangled state ρe for
which δ (ρb,ρe)≤ ε , i.e. there are entangled states arbitrarily
close to ρb.
Notice that for any density operator ρ , and 0≤ ε ≤ 1, if
τε = (1− ε)ρb+ ερ (1)
then δ (τε ,ρb) = ε2 Tr|ρ−ρb|= εδ (ρ,ρb) and thus
δ (τε ,ρb)≤ ε .
The trace distance between τε given by (1) and the (boundary)
separable state ρb is at most ε but it may be much smaller
than ε ; it is ε iff δ (ρ,ρb) = 1 i.e. if ρb and ρ are orthogonal
(have orthogonal support).
Definition 2 An ε-entangled state is an entangled state ρe
such that there is a boundary separable state ρb for which
δ (ρe,ρb) ≤ ε; i.e. it is at trace distance at most ε from a
boundary separable state.
As an example, the Werner state with λ = 1/2 is a boundary
separable state and mixing it with ρψ− gives ε-entangled
states.
There are separable states ρb for which there exists a state
ρ such that all the states τε given by (1) are entangled for
ε small enough, ε 6= 0. There is a continuous path starting
from ρb and going straight in the direction of ρ whose initial
section contains only ε-entangled states. Note that for ε = 0
the resulting state τ0 is the boundary separable-state ρb itself;
τ0 = ρb. As an example, again, the Werner state with λ =
1/2 is a boundary separable state, such that mixing it with
ρψ− as in (1) gives epsilon-entangled states, and there is a
continuous path from this Werner state and all the way to the
fully entangled state ρψ− .
2.4 “Extrapolated States” and “Void States”
Given any two states ρ0 and ρ1, the operators ρt = (1−t)ρ0+
tρ1 are clearly always Hermitian with trace 1; when 0≤ t ≤ 1,
they are (mixed) states, all on a straight line segment between
ρ0 and ρ1; those mixed states are obtained by interpolation
(convex combination) of two states. Let us now introduce
three additional definitions:
a) When t < 0, ρt is on the same straight line but is no
longer between ρ0 and ρ1; in general, if ρ0 6= ρ1 and all
the eigenvalues of ρ0 are strictly positive, then there are
values of t < 0 such that ρt is a state; we call such states
extrapolated states.
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Note that if ρ0 = |0〉〈0| and ρ1 = |1〉〈1|, then (1− t)ρ0+
tρ1 =(1−t)|0〉〈0|+t|1〉〈1| is not a state (it is not positive
semi definite) as soon as t < 0 (or t > 1).
There may be some value m < 0 such that ρt is no longer
positive semi-definite for t < m, thus no longer a state
(hence it is not a physical entity), while it is still positive
semi-definite for t = m.
The condition that the eigenvalues of ρ0 be all positive
is sufficient for defining extrapolated states, but not nec-
essary. One can extrapolate carefully-chosen states that
have some 0 eigenvalues. Extrapolation somewhat be-
haves like subtraction: if t < 0, then ρt = (1+ |t|)ρ0−
|t|ρ1. We will be interested only with extrapolations with
t < 0 though t > 1 could also provide extrapolations.
b) A void state is a quantum state that has exactly one zero
eigenvalue. Namely, when diagonalized, it has exactly
one zero on the diagonal.
c) A k-void state (of dimension N > k) is a quantum state
that has exactly k zero eigenvalues3 (similarly, it has rank
N− k).
2.5 Discord and classical correlation
We consider a state ρ of a bipartite system AB with marginals
ρA and ρB.
Proposition 3 Let ρ be a state ofHA⊗HB and
{|i〉} be a
basis ofHA. Then the following three statements are equiva-
lent (Modi et al 2012).
1. There is a set of states {τi} onHB such that
ρ =∑λi|i〉〈i|⊗ τi,
with λi ≥ 0 and ∑iλi = 1.
2. There is a set of unitary operators Ui such that
ρ =∑
i, j
µi j|i〉〈i|⊗Ui| j〉〈 j|U†i ,
where µi j ≥ 0 are the eigenvalues of ρ .
3. ρ is invariant under the action of the local dephasing
channel D defined by D
(
|i1〉〈i2|⊗ τ
)
= δi1i2 |i1〉〈i2|⊗ τ
on the basis
{|i〉}:
D(ρ) = ρ.
Definition 4 The state ρ is said to be classical with respect
to the basis
{|i〉} ofHA if it satisfies one of the above condi-
tions.
3 Note that a separable N−1-void state is a tensor product state.
These conditions imply that the decomposition ρA =∑iλi|i〉〈i|
with all λi ≥ 0 is a necessary condition for ρ to be classical
in the basis {|i〉} (Brodutch and Terno 2010).
Definition 5 A state ρ is said to be classical with respect to
A if there is a basis ofHA with respect to which it is classical;
the set of classical states with respect to A is denoted CA. A
state ρ which is not in CA is called discordant (Modi et al
2012; Henderson and Vedral 2001; Ollivier and Zurek 2001)
4. The set of discordant states is CA.
Remark 6 It is important to notice that all classical states
(i.e.classical with respect to both A and B) are in CA and thus
that a state not in CA (i.e. discordant) cannot be classical. We
will use that fact to build non classical (in fact, discordant)
states arbitrarily close to any classical state.
Remark 7 Any state which is not product is called correlated.
The set CA contains both correlated and uncorrelated states
while all states in CA are correlated. These are sometimes
called quantum correlated (Modi et al 2012).
When ρA = ∑iλi|i〉〈i| is non degenerate, i.e., λi 6= λ j if
i 6= j, the conditions above provide a very simple method to
check if ρ is in CA (Brodutch and Terno 2010). When ρA is
degenerate one has to check over all its possible eigenbases.
2.5.1 Boundary classical states
In the same way as above it is possible to define boundary
classical states and ε-discordant states. As we will see this
definition is superfluous since all classical states are also
boundary classical; cf. Corollary 23.
3 Two Qubits
Our first example of 2-party boundary separable-states (and
the derived ε-entangled states) is obtained by starting from
a completely mixed state and “fully subtracting” one of the
eigenstates, to obtain a separable void state. Our second
example uses a different—yet very interesting state to start
with—the thermal state. As in the first example, a void-state
is generated from the thermal state (via extrapolation) by
subtracting one of the eigenstates. Our third example uses a
2-void state instead of a simple (1-)void state (and we also
discuss here the case of 3-void state which in this case is a
tensor product state). Our last two 2-qubit examples provide
generalizations to less trivial cases including discordant states
and separable states without a product eigenbasis. Since two
qubit states that are entangled are all distillable (Horodecki
et al 1997), the states obtained are thus also distillable.
4 The term classical is used in a variety of ways in the literature, here
we use it in the sense of correlations as in (Modi et al 2012)
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Hermitian operators with at least
one negative eigenvalue
Void states
Mixed states
Extrapolated states
Interpolated states
Extrapolated operators
that are not states
Fig. 2 The interpolated and extrapolated Trace 1 Hermitian oper-
ators (1− t)ρ0 + tρ1. For 0 ≤ t ≤ 1 the operator is an (interpolated)
state, i.e. it is a convex mixture of states and and we are guaranteed it is
a state. For t < 0 or t > 1 the state is extrapolated. It will continue to be
a state until one of the eigenvalues becomes negative. The states on the
boundary are void states, they have at least one vanishing eigenvalue.
3.1 Example 1 – The Extrapolated Pseudo-Pure State of
Two Qubits
Mixing a completely mixed state ρ0 with an arbitrary state ρ1
to yield the pseudo pure state (PPS) ρ = (1− t)ρ0 + tρ1
is found to be extremely useful in quantum information
processing (e.g. in NMR quantum computing). To the best
of our knowledge, an extrapolated state of the form ρ =
(1+ |t|)ρ0−|t|ρ1 was never used. This “extrapolated pseudo
pure state” (EPPS), whenever it is a legal quantum state,
shares with the conventional PPS the fact that applying any
unitary transformation acts only on ρ1.
An interesting special case of this EPPS is when |t| is
exactly sufficiently large to make one eigenvalue vanish (be-
come zero). If ρ1 is a pure tensor product state, then the
resulting ρ is a void state. We assume here that the subtracted
tensor product state is written in the computational basis, e.g.,
it is |11〉〈11| and m = t =−1/3.
Proposition 8 If the standard basis is the eigenbasis of a
state ρ onH2⊗H2, and if the eigenvalue of |11〉 is 0, and
the other three eigenvalues are 1/3, then there are states ar-
bitrarily close to ρ that are entangled. [The same holds, with
obvious adjustments, for any other tensor-product eigenstate
that has a zero eigenvalue.]
We avoid proving this proposition as we later (in example
4) prove a more general result, containing the above (and
also example 2) as special cases. The above mentioned (very
basic) example is mainly given for historical reasons, as it
was the first example we found.
For j fixed, let
ρ =
4
3
[
1
4
3
∑
i=0
|i〉〈i|
]
− 1
3
| j〉〈 j|= 1
3
3
∑
i=0;i6= j
|i〉〈i|.
This is obtained by choosing | j〉 (viewed as a two bit integer
from 0 = 002 to 3 = 112) to be any product state j ≡ jAB =
jA⊗ jB, where the two parties are A for Alice’s qubit and B
for Bob’s. In fact, for all values of t between 0 and −1/3, the
Hermitian operators
ρt = (1− t)
[
1
4
3
∑
i=0
|i〉〈i|
]
+ t| j〉〈 j|
are separable states; for t < −1/3, ρt is no longer a state
since it is no longer positive semi definite, the eigenvalue
of | j〉 becoming negative. Finally, if | j〉= |11〉, proposition
8 tells us that there are entangled states arbitrarily close to
1
3
2
∑
i=0
|i〉〈i|.
3.2 Example 2 – The Thermal State of Two Qubits
The thermal state on two qubits is the state
ρΘ =
(1+η)2
4
|00〉〈00|+ 1−η
2
4
[
|01〉〈01|+ |10〉〈10|
]
+
(1−η)2
4
|11〉〈11|.
The state |11〉 is a 0-eigenstate of ρp =(1+ p)ρΘ− p|11〉〈11|
if (1−η)2(p+1) = 4p and a proposition similar to proposi-
tion 8 can be written for ρp. However, both cases of Sections
3.1 and 3.2 will be dealt with, by a generalization done in
example 4.
The thermal state will get more attention later on, when
we discuss N qubits.
3.3 Example 3 — 2-Void State
Example 3, using a 2-void state, is as follows:
Proposition 9 InH2⊗H2 there are entangled states arbi-
trarily close to the state ρ =
1
2
[
|01〉〈01|+ |10〉〈10|
]
.
Proof Here again, |11〉 is an eigenstate of ρ of 0 eigenvalue.
Let ρ1 = |ψ+〉〈ψ+| with |ψ+〉 = 1√2
[|01〉+ |10〉] and ρε =
(1− ε)ρ+ ερ1. Then (T⊗ I)(ρε), where T is the transpose
operator, is
(T⊗ I)

0 0 0 0
0 1/2 ε/2 0
0 ε/2 1/2 0
0 0 0 0
=

0 0 0 ε/2
0 1/2 0 0
0 0 1/2 0
ε/2 0 0 0

with characteristic equation (λ −1/2)2(λ 2− ε2/4) = 0 and
eigenvalues 1/2, ε/2 and −ε/2; by the Peres criterion5
(Peres 1996), ρε is thus entangled for all 1 > ε > 0 and,
of course, δ (ρ,ρε)≤ ε . uunionsq
5 Although the Peres Criterion is well known, it is provided for
completeness of the exposition in appendix A.
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In fact, there was no need to solve the characteristic equa-
tion to show that (T⊗ I)(ρε) is not positive semi definite.
That can be seen directly from the matrix of (T⊗ I)(ρε)
because there is a 0 on the main diagonal for which the
corresponding row and column are not zero: This is a con-
sequence of the following well known lemma with |ϕ〉 =
|11〉 and |ψ〉 = |00〉; indeed, since by very definition of
the partial transpose 〈i1 j1|(T⊗ I)(ρε)|i2 j2〉= 〈i2 j1|ρε |i1 j2〉,
it follows that 〈11|(T⊗ I)(ρε) |11〉 = 〈11|ρε |11〉 = 0 and
〈11|(T⊗ I)(ρε) |00〉= 〈01|ρε |10〉 6= 0.
Lemma 10 Let A be a Hermitian operator onH ; if there
are |ϕ〉 and |ψ〉 such that 〈ϕ|A|ϕ〉= 0 and 〈ϕ|A|ψ〉 6= 0 then
A is not positive semi definite.
Proof See appendix A.4.
3.4 Example 4 — A Generalization
Example 4 generalizes examples 1, 2 and 3:
Theorem 11 If the standard basis is the eigenbasis of a state
ρ onH2⊗H2, and if the eigenvalue of |11〉 is 0, then there
are states arbitrarily close to ρ that are entangled. The same
holds for any other eigenstate and any product eigenbasis.
Proof Let indeed
ρ = λ00 |00〉〈00|+λ01 |01〉〈01|+λ10 |10〉〈10|,
i.e. |11〉 has eigenvalue λ11 = 0. Let
ρ1 = ρψ+ =
1
2
[
|01〉〈01|+ |01〉〈10|+ |10〉〈01|+ |10〉〈10|
]
and ρε = (1− ε)ρ+ ερ1.
The partial transpose (T⊗ I)(|i1 j1〉〈i2 j2|) on basis states
being equal to |i2 j1〉〈i1 j2|, it is clear that (T⊗ I)(ρ) = ρ . The
partial transpose of ρ1 is
(T⊗ I)(ρ1) = 12
[|01〉〈01|+ |11〉〈00|+ |00〉〈11|+ |10〉〈10|].
If follows that
〈11|(T⊗ I)(ρε) |11〉= 0, 〈11|(T⊗ I)(ρε) |00〉= ε2 ;
by lemma 10, (T⊗I)(ρε) is not positive semi definite if ε > 0
and by the Peres criterion it follows that the state ρε is then
not separable; since δ (ρ,ρε)≤ ε , there are states arbitrarily
close to ρ that are not separable. uunionsq
Notice that all that is needed is that λ11 = 0. Nothing prevents
λ10 = λ10 = 0. That implies, after a suitable choice of basis
for the two systems, that any pure product state has arbitrarily
close entangled states; being two qubit states, they are also
distillable (Horodecki et al 1997), showing that there are
arbitrarily close distillable states. By symmetry, the result
clearly holds if any of the other eigenvalues is known to
be 0 instead of λ11. Moreover the choice of product basis
is arbitrary and the same argument applies for any product
basis.
3.5 Example 5. A discordant product state with a
non-product eigenbasis
Take the discordant state
%=
1
2
[|00〉〈00| + |++〉〈++|],
where, this time, the representation is not spectral because
|00〉, |++〉, are not part of an orthonormal basis ofH2⊗H2;
neither |00〉 nor |++〉 is an eigenvector of %. The state % is
equal to
1
2
[
|00〉〈00| + 1
4∑i jkl
|i j〉〈kl|
]
and is represented, in
the standard basis, by the matrix
1
8

5 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

The state |++〉 being equal to 12 [|00〉+ |01〉+ |10〉+ |11〉,
it is easy to check that the states |ψ0〉 = |00〉+ |++〉√
3
and
|ψ1〉= |00〉− |++〉 are normalized and orthogonal, and also
that
%=
3
4
|ψ0〉〈ψ0| + 14 |ψ1〉〈ψ1|.
Since the spectral decomposition is unique, this shows that
the spectral decomposition of % has eigenvectors that are
not separable even though % is itself separable: separability
of a state does not imply that its eigenbasis is made out of
separable states.
As we will see in sections 3.6 and 4 the absence of a sep-
arable eigenbasis is not a necessary and sufficient condition
for discord.
Proposition 12 If ρ =
1
2
[|00〉〈00| + |++〉〈++|] and ρϕ+ =
|ϕ+〉〈ϕ+| with |ϕ+〉 = 1√2 [|00〉+ |11〉], then for 0 < ε ≤ 1,
the states ρε = (1− ε)ρ+ ερϕ+ are all entangled.
Proof Clearly (T⊗ I)(ρ) = ρ . Also
(T⊗I)(ρϕ+)=
1
2
[|00〉〈00|+ |10〉〈01|+ |01〉〈10|+ |11〉〈11|]
Let |ψ−〉= 1√2 [|01〉− |10〉]. A simple calculation shows that
〈ψ−|(T⊗ I)(ρϕ+)|ψ−〉=−
1
2
and 〈ψ−|ρ|ψ−〉= 0
It follows that 〈ψ−|(T⊗ I)(ρε)|ψ−〉 = −ε/2 which shows
directly that the partial transpose of ρε is not positive semi-
definite for ε > 0. The state ρε is consequently entangled and
the discordant state ρ is boundary separable. uunionsq
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3.6 Example 6 - A Classical-Quantum state
As mentioned in the introduction (sec 1.1) the definition
of discord is asymmetric. The following state is classical
with respect to A, but it is not classical with respect to B; it
becomes discordant under the interchange of the subsystems
A↔ B. Such states are often called classical-quantum (Modi
et al 2012).
Proposition 13 Let
ρ = λ00 |00〉〈00|+λ01 |01〉〈01|+λ1+ |1+〉〈1+|+λ1- |1-〉〈1-|
(2)
If any of the eigenvalues is 0, then there are states arbitrarily
close to ρ that are entangled.
Proof This time we first prove if λ00 = 0 i.e. if
ρ = λ01 |01〉〈01|+λ1+ |1+〉〈1+|+λ1- |1-〉〈1-|.
Let again ρ1 = 12
[|01〉〈01|+ |01〉〈10|+ |10〉〈01|+ |10〉〈10|]
and ρε = (1− ε)ρ+ ερ1. Then 〈00|(T⊗ I)(ρε)|00〉= 0 and
〈00|(T⊗ I)(ρε)|11〉 = ε/2 so that ρε is not positive semi-
definite by Lemma 10 and ρε is thus entangled by the Peres
criterion. Had we written explicitly the matrix, we would
have seen the following pattern
(T⊗ I)(ρε) =

00 01 10 11
00 0 ε/2
01
10
11 ε/2

with a 0 entry on the main diagonal for which the line is not
identically 0 and concluded that (T⊗ I)(ρε) is not positive
semi definite if ε 6= 0.
In this proof, it was assumed that λ00 = 0 but the same
result holds if the eigenvalue of any other basis element is
0; for instance, if the eigenvalue of |1-〉 is 0, then applying
X ⊗XH maps the basis onto itself and |1-〉 onto |00〉; for
|1+〉 we need to apply X⊗H, and for |01〉 we apply I⊗X .
uunionsq
The state in equation (2) has a product eigenbasis. We can
make it discordant by interchanging the subsystems A↔ B in
which case it is a discordant state with a product eigenbasis.
3.7 Two qubits - discussion
In this section we provided a number of examples of bound-
ary separable states. More generally, we showed (Theorem
11) that any two qubit state which has a product basis and
is not full rank is on the boundary. We also showed that sep-
arable states may have eigenstates which are not separable
(example 5) and that discordant states can have a separable
eigenstates (example 6).
4 Two qutrits
Some of the subtleties of bipartite systems cannot be seen in
qubit-qubit pairs and qubit-qutrit pairs. These include UPBs
and bound entangled states (Bennett et al 1999b) and locally
indistinguishable product states (Bennett et al 1999a).
4.1 A mixture of locally indistinguishable product states
Consider the following states on a bipartite system where
|a±b〉 denotes the state 1√
2
[|a〉± |b〉].
|ψ1〉= |1〉 |1〉
|ψ2〉= |0〉 |0+1〉
|ψ3〉= |0〉 |0−1〉
|ψ4〉= |2〉 |1+2〉
|ψ5〉= |2〉 |1−2〉
|ψ6〉= |1+2〉 |0〉
|ψ7〉= |1−2〉 |0〉
|ψ8〉= |0+1〉 |2〉
|ψ9〉= |0−1〉 |2〉
(3)
Proposition 14 The state ρ0 = 1/8
9
∑
i=2
|ψi〉〈ψi| is boundary
separable.
Proof Let |Ψ+〉= 1√2 [|01〉+ |10〉] and ρ1 = |Ψ+〉〈Ψ+|. Thus
ρ1 = 12
[|01〉〈01|+ |10〉〈10|+ |01〉〈10|+ |10〉〈01|]. Let ρε =
(1− ε)ρ0 + ερ1. For 2 ≤ i ≤ 9, 〈01|ψi〉 = 0 or 〈ψi|10〉 = 0
so that 〈01|ρ0|10〉 = 0 and thus 〈01|ρε |10〉 = ε/2. Also
〈11|ρ0|11〉 = 〈11|ρ1|11〉 = 0 and so 〈11|ρε |11〉 = 0. It fol-
lows that 〈11|(T⊗I)(ρε)|11〉= 〈11|ρε |11〉= 0 and 〈11|(T⊗
I)(ρε)|00〉= 〈01|ρε |01〉= ε/2 6= 0 and thus, for 0 < ε < 1
ρε is entangled. uunionsq
See appendix C for a matrix based argumentation.
The states in eq (3) cannot be distinguished using local
operations (Bennett et al 1999a) a property sometimes called
non-locality without entanglement. In Brodutch and Terno
(2010) it was shown that given a set of states and a prior
probability distribution, there is no relation between discord
in the resulting mixed state and this property. Similarly a mix-
ture of these 9 states is generally discordant with a product
eigenbasis.
5 Two Qudits (Quantum Digits)
We now consider bipartite systems, with each part of dimen-
sion at least two.
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5.1 The ball of separable states
Proposition 15 All states ρ in the finite ball Tr|ρ− 1d I|< 1d
are separable and not boundary separable.
Proof We know from the Gurvits-Barnum bound (Gurvits
and Barnum 2002) that all states ρ with ‖ρ− 1d I‖2 < 1d are
separable. Using the fact that ‖ · ‖2 ≤ Tr| · | we can see that
the maximally mixed state and any state close enough to it is
not boundary separable. uunionsq
Corollary 16 There are separable states that are not bound-
ary separable.
5.2 A general class of boundary separable states
We now consider states of bipartite systems HA⊗HB for
which dimHA ≥ 2 and dimHB ≥ 2.
Lemma 17 Let ρ0 be a state such that 〈00|ρ0|00〉 = 0 and
〈10|ρ0|01〉 = 0. Let ρ1 be such that 〈00|ρ1|00〉 = 0 and
〈10|ρ1|01〉 = reiϕ with r > 0. Then ρε = (1− ε)ρ0 + ερ1
is entangled and distillable for all 0 < ε ≤ 1.
Proof The conditions on ρ0 and ρ1 imply that
〈00|ρε |00〉= (1− ε)〈00|ρ0|00〉+ ε〈00|ρ1|00〉= 0, (4)
〈10|ρε |01〉= (1− ε)〈10|ρ0|01〉+ ε〈10|ρ1|01〉= εreiϕ .
(5)
From (4) and (5) it follows that 〈00|(T⊗ I)(ρε)|00〉 = 0
and 〈00|(T⊗ I)(ρε)|11〉= εreiϕ 6= 0 and consequently (T⊗
I)(ρε) is not positive semi-definite and ρε is entangled. We
can do better. Let |Ψθ 〉= sin(θ)|11〉− eiϕ cos(θ)|00〉. Then,
since 〈00|ρε |00〉= 0, 〈01|ρ1|10〉= 〈10|ρ1|01〉= re−iϕ and
〈Ψθ |= sin(θ)〈11|− e−iϕ〈00|, il follows that
〈Ψθ |(T⊗ I)(ρε)|Ψθ 〉
=sin2(θ)〈11|ρε |11〉−2sin(θ)cos(θ)rε.
If 〈11|ρε |11〉= 0, the result is negative for 0< θ < pi/2. Else
for all rε 6= 0 there exits θ such that 〈11|ρε |11〉< 2cot(θ)rε
i.e.such that 〈Ψθ |(T⊗ I)(ρε)|Ψθ 〉< 0, which implies that ρε
is entangled and distillable by a lemma of Kraus et al (2002)
(cf. appendix B).
We shall now consider separable void states with a sepa-
rable 0 eigenvector. They are not only boundary separable but
independently of the dimensions (larger than 2), they have
arbitrarily close distillable entangled states.
Proposition 18 Let ρ be a separable state of a bipartite sys-
tem HA⊗HB (dimHA ≥ 2, dimHB ≥ 2) that has a prod-
uct state |ϕ0ψ0〉 as eigenstate with 0 eigenvalue. Then ρ is
boundary separable; moreover there are entangled states
arbitrarily close to ρ that are distillable.
Proof We may assume that |ϕ0〉= |0〉A and |ψ0〉= |0〉B (cf
Appendix A and B) so that |ϕ0ψ0〉= |00〉 (dropping the in-
dices A and B, as was done till now) and perform the partial
transpose using the basis |0〉, |1〉, etc, ofHA. Since ρ is sep-
arable, (T⊗ I)(ρ) is a state and, from 〈00|(T⊗ I)(ρ)|00〉=
〈00|ρ|00〉 = 0, it follows that |00〉 is a 0 eigenvector of
(T⊗ I)(ρ) and thus 〈00|(T⊗ I)(ρ)|11〉= 0 i.e. 〈10|ρ|01〉=
0. Let now ρ1 be any state such that 〈00|ρ1|00〉 = 0 and
〈10|ρ1|01〉 6= 0. The conditions of Lemma 17 are satisfied
and ρε = (1− ε)ρ+ ερ1 is entangled and distillable for all
0 < ε ≤ 1. uunionsq
Corollary 19 All pure product states are boundary separa-
ble.
5.3 Discordant states
Proposition 20 : If ρ and τ are classical with respect to the
basis {|i〉} then so is the state (1− t)ρ+ tτ for any valid t.
Proof That follows directly from Proposition 3. uunionsq
Theorem 21 : The state (1− t) Id + tρ is discordant if and
only if ρ is discordant, where I is the identity ofHA⊗HB
and d = dim(HA⊗HB).
Proof This follows directly from statement 4 in Proposition
3 and the fact that I is invariant under any dephasing channel.
uunionsq
Proposition 22 Consider the state
ρ =∑
i, j
µi j|i〉〈i|⊗Ui| j〉〈 j|U†i ,
with the standard basis chosen such that the smallest eigen-
value is µ00 and U0 = I. Let ρ1 be any state of the bipartite
system s.t. 〈00|ρ1|00〉= 0 and 〈10|ρ1|01〉 6= 0; then the state
ρε = (1− ε)ρ+ ερ1 is a discordant state for all 0 < ε ≤ 1.
Proof Let ρv = ∑i, j 11−dµ00 (µi j − µ00)|i〉〈i| ⊗Ui| j〉〈 j|U
†
i if
ρ 6= Id (the µi j are not all equal), else let ρv = |00〉〈00|; then
ρ = zρv+(1−z) Id for z= 1−dµ00, 0≤ z≤ 1, 〈00|ρv|00〉=
0 and 〈10|ρv|01〉= 0. From proposition 21 we know that ρε
is discordant if and only if the state ρˆε,z = kρε,z obtained by
normalizing ρε,z = (1− ε)zρv + ερ1 is discordant. It holds
that ρˆε,z = (1− ε ′)ρv + ε ′ρ1 with ε ′ = kε (0 < ε ′ ≤ 1). By
Lemma 17, ρˆε,z is entangled (and distillable), so that ρε is
discordant and ρ is boundary classical. uunionsq
Corollary 23 All classical states are boundary classical.
We note that one could arrive at corollary 23 by using the
fact that the set of classical states is nowhere dense (Ferraro
et al 2010).
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Proposition 22 provides a method to construct ε-discordant
states. If a classical state ρ (or any state ρ ∈ CA) is not bound-
ary separable the ε-discordant state is also dissonant (i.e.it
is separable). In general there is no direct relation between
discord and boundary separable states.
Proposition 24 There are classical states (and states in CA)
that are boundary separable and discordant states that are
not boundary separable
Proof Most of the examples of boundary separable states
above are classical with respect to A. Moreover all pure prod-
uct states are also uncorrelated and boundary separable.
From proposition 21 and we know there are discordant
states arbitrarily close to the maximally mixed states. From
proposition 15 we know that these states are not boundary
separable. uunionsq
5.4 Two qudits - discussion
In this section we showed that there are separable states that
are not boundary separable (corollary 16). We then presented
a general class of boundary separable states and showed
that in general all pure product states are boundary separa-
ble (Corollary 19). Finally we discussed depolarized discor-
dant states (Theorem 21), showed that all classical states are
boundary classical (Corollary 23) and that there is no direct
relation between discord and boundary separable states.
6 Multiple qubits
6.1 Extrapolated Pseudo-Pure States of N Qubits
Let us consider states of the form
ρt = (1− t) I2N + t|11...1〉〈11...1|
where I is the identity matrix, but this time of size 2N ×2N ,
and t < 0. With (1− tb)+2Ntb = 0 i.e. tb =− 12N−1 , ρb = ρtb
becomes a 1-void state, with |11...1〉 as 0-eigenvector. The
states ρt for tb ≤ t ≤ 0 are all clearly separable; their matrix is
diagonal in the standard basis, with non negative eigenvalues.
Only the eigenvalue of |11...1〉 decreases.
6.1.1 ρb Is a Boundary Separable State.
We choose arbitrarily the first bit and show that there are ε
close entangled states for which the first qubit is entangled
with the others. Let |1〉 = |1N−1〉, i.e. N − 1 bits equal to
one. The eigenstate of ρb with 0 eigenvalue can be written as
|1N〉= |1〉|1〉 and Proposition 18 applies.
6.1.2 Trace Distance Between ε-Entangled States and the
Completely Mixed State.
The trace distance between ρb and I/2N is
1
2
tr
∣∣∣(1−tb) I2N +tb|1N〉〈1N |− I2N ∣∣∣= |tb|2 tr ∣∣∣ I2N −|1N〉〈1N |∣∣∣.
The trace of
∣∣I/2N − |1N〉〈1N |∣∣ is (2N − 1)× 1/2N + 1−
1/2N = 2−2/2N . The trace distance is thus
δ (
I
2N
,ρb) =
1
2N−1
(
1− 1
2N
)
=
1
2N
. Conclusion: for any ε > 0 there are entangled states at dis-
tance at most 2−N + ε of the completely mixed state. Indeed,
by the triangle inequality,
δ (
I
2N
,ρε)≤ δ ( I2N ,ρb)+δ (ρb,ρε)≤ 2
−N + ε
.
6.2 The N Qubit Thermal State
The thermal state of one qubit is
ρΘ =
[ 1+η
2 0
0 1−η2
]
=
1+η
2
|0〉〈0|+ 1−η
2
|1〉〈1|.
The thermal state of N independent qubits (with the same η)
is
ρNΘ = ρ
⊗N
Θ = ∑
i∈{0,1}N
(
1+η
2
)N−|i|(1−η
2
)|i|
|i〉〈i|.
where |i| is the Hamming weight of the string i, i.e. the
number of bits equal to 1 in i, each 1 giving a minus sign, and
each 0 a plus sign. The thermal state is not only separable but
it has an eigenbasis consisting of product states The smallest
eigenvalue is given by the eigenvector |i〉 = |1N〉, i.e. all
qubits are 1 and it is
λ|1N〉 =
(
1−η
2
)N
which is exponentially small with N.
6.2.1 Extrapolated States Close to the Thermal State.
Let us consider the extrapolated states
%t = (1− t)ρNΘ + t|1N〉〈1N |
for t < 0 (t =−p for some positive real number p). They are
all separable and when the eigenvalue of |1N〉〈1N | becomes 0,
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%t is a void state. That happens when (1− t)
[
(1−η)/2]N +
t = 0 i.e
tb =−
λ|1N〉
1−λ|1N〉
=−λ|1N〉−λ 2|1N〉− . . .
a very small value, equal to −λ|1N〉 =−((1−η)/2)N if we
neglect terms of higher order. The trace distance between %b
and ρNΘ is
δ (%b,ρNΘ ) =
1
2
tr
∣∣∣(1− tb)ρNΘ + tb|1N〉〈1N |−ρNΘ ∣∣∣
=
|tb|
2
tr
∣∣∣ρNΘ −|1N〉〈1N |∣∣∣.
The eigenvectors of ρNΘ −|1N〉〈1N | are those of ρNΘ and the
eigenvalues are left unchanged except for the eigenvector
|1N〉 whose eigenvalue of λ|1N〉 is decreased by 1 which im-
plies that the sum of the absolute values of the eigenvalues is
increased by 1−λ|1N〉 and
δ (ρNΘ ,%b) =
|tb|
2
(
2−λ|1N〉
)
=
1
2
λ|1N〉
1−λ|1N〉
(
2−λ|1N〉
)
=
1
2
(
λ|1N〉+
λ|1N〉
1−λ|1N〉
)
= λ|1N〉+
1
2
λ 2|1N〉+
1
2
λ 3|1N〉 . . .
which is λ|1N〉 if we neglect terms of higher order. That dis-
tance is exponentially small with N.
6.2.2 %b Is a Boundary Separable State.
We now show that there are entangled states arbitrarily close
to %b. We choose again arbitrarily the first bit and show that
there are ε close entangled states for which the first qubit is
entangled with the others. Let |1〉 = |1N−1〉, i.e. N− 1 bits
equal to one, and let |v〉 be any N−1 bit string with at least
one bit equal to zero. The eigenstate of %b with 0 eigenvalue
is |1N〉= |1〉|1〉. Proposition 18 applies again.
6.2.3 Entangled States Close to the Thermal State
We have just proven that or any ε > 0, there are entangled
states %ε such that δ (%b,%ε)≤ ε . By the triangle inequality
(since the trace distance is a distance in the sense of metric
spaces), the distance between those states %ε and ρNΘ is such
that
δ (ρNΘ ,%ε)≤ δ (ρNΘ ,%b)+δ (%b,%ε)≤ δ (ρNΘ ,%b)+ ε
which implies that for any ε > 0 there are entangled states in
a ball of trace-distance radius
ε+
(
1−η
2
)N
+
1
2
(
1−η
2
)2N
+
1
2
(
1−η
2
)3N
. . .
around the thermal state ρNΘ of N qubits where
(
1−η
2
)N
=
λ|1N〉 is exponentially small in N.
7 Discussion
We used extrapolation and interpolation to study the bound-
aries of some subsets of states and to make some connections
between different notions of entanglement and quantum cor-
relations. The majority of our results concern boundary sepa-
rable states. We showed various classes of these states that
play a significant role in quantum computing. In particular
the classically correlated states in the computational basis
and thermal states.
Our results are related to results on robustness against
various types of noise. States near the boundary are generally
more fragile than those far away from it. It is then interesting
to note that although thermal states are not entangled they can
become entangled by small fluctuation in the right direction,
moreover the entanglement is distillable.
7.1 Discord and entanglement
While discord and entanglement are very different from an op-
erational perspective (Modi et al 2012; Brodutch 2013), pure
state entanglement and discord (for all states) share many
similar mathematical properties (Modi et al 2012). Many of
these appeared in the work above, in particular in the prop-
erty of boundaries. All classical states are boundary classical
(Corollary 23), similarly all pure product are at the boundary
of the set of entangled states (Corollary 19). This opens a
number of interesting questions regarding operations on pure
and mixed states. For example we showed in proposition 22
that mixing any classical state (and any classical state with
respect to A) with an entangled state will make it discordant,
similarly mixing a pure product state with an entangled state
will make it entangled (Corollary 19). However the former
is not an extension of the latter into mixed states since both
take pure states to a mixed states. If one considers unitary op-
erations on pure states there is come discrepancy. Universal
entanglers (unitary operations that entangle all pure states)
are known to exits only in higher dimensions (Chen et al
2008).
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7.2 Quantum computing
It is currently an open question whether it is possible to
efficiently simulate all quantum computations that produce
(or consume) no entanglement (Boyer Brodutch and Mor
2017). Surprisingly, it is not even clear if it is possible to
simulate all quantum computation that produce (or consume)
no discord. Boundary (classical or separable) states may
play a critical role in these types of simulations since even
small errors can cause the states to become discordant or
entangled. This issue was pointed out for the case of discord
free (concordant) computation in (Cable and Browne 2015)
where the entire computation happens on the boundary (see
also (Datta and Shaji 2011)).
A second issue is related to the entangling power of mixed
state quantum computers, where the initial state is fixed. Here
we showed that the thermal states used in various mixed
state models can become entangled after a small perturbation.
However, we did not discuss the physical mechanism for such
perturbations. In a follow up paper (Boyer Brodutch and Mor
2017) we explore perturbations due to unitary operations
that are ε close to the identity. A question for future research
involves the possible use of thermal states and some non-local
operations to distill entanglement. This question is especially
important in the setting of NMR quantum computing.
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Appendix
A The Peres Entanglement Criterion
Here are a few relevant remarks using the notations of the main article.
A.1 Transpose and partial transpose
Given a Hilbert spaceH and a basis
{|i〉} (we always assume finite
dimensional systems), the transpose is defined by linearity on basis
operators |i1〉〈i2| by T(|i1〉〈i2|) = |i2〉〈i1|. It follows that for any linear
operator L, 〈i1|T(L)|i2〉= 〈i2|L |i1〉. If ρ is a state and ρ =∑i λi|ϕi〉〈ϕi|,
one can check that T(ρ) = ∑i λi|ϕ i〉〈ϕ i| where |ϕ〉= ∑i ai|i〉 if |ϕ〉=
∑i ai|i〉, ai being the complex conjugate of ai. It follows that T(ρ) is
also a state, with same eigenvalues as ρ .
Given a compound system described by HA ⊗HB, the partial
transpose with respect to the A system is simply the operator (T⊗ I) i.e.
(T⊗ I)
(
|i1〉〈i2|⊗ | j1〉〈 j2|
)
= |i2〉〈i1|⊗ | j1〉〈 j2|
on basis elements. It also follows that for any operator L onHA⊗HB
〈i1 j1|(T⊗ I)(L)|i2 j2〉= 〈i2 j1|L |i1 j2〉
A.2 The Peres Criterion
A state ρ of a bipartite systemHA⊗HB is said to be separable if it can
be written in the form
ρ =∑
i
pi ρAi ⊗ρBi pi ≥ 0, ∑
i
pi = 1 (6)
where the ρAi (resp. ρBi ) are states ofHA (resp.HB); if ρ is not separa-
ble, it is said to be entangled. If ρ is given by (6), then
(T⊗ I)(ρ) =∑
i
piT(ρAi )⊗ρBi
and since the T(ρAi ) are states, this implies that (T⊗ I)(ρ) is itself
a state (and separable). This implies in turn that (T⊗ I)(ρ) must be
positive semi-definite. As a consequence, if (T⊗ I)(ρ) is not positive
semi-definite, then ρ is not separable, i.e. it is entangled. That is the
statement of the Peres Criterion of entanglement (Peres 1996).
A.3 Checking for positivity
An operator P is positive semi-definite if it is Hermitian and if for all
pure states |ϕ〉, 〈ϕ|P|ϕ〉 ≥ 0 (iff P has no negative eigenvalue). For
any state ρ of HA ⊗HB, (T⊗ I)(ρ) is always Hermitian. To prove
that it is not positive semi-definite, we need only find a |Ψ〉 such that
〈Ψ |(T⊗ I)(ρ)|Ψ〉< 0. The partial transpose however depends on the
basis chosen forHA. We now show (using our notations) that whether
(T⊗ I)(ρ) is positive semi-definite or not does not depend on the choice
of that basis. Indeed, let |ei〉 be any orthonormal basis ofHA. Then ρ
can always be written (in a unique way) as ρ = ∑i j |ei〉〈e j|⊗ρi j where
the ρi j are operators ofHB. Let Te be the transpose operator in the basis
e i.e. Te(|ei〉〈e j|) = |e j〉〈ei|. Then
(Te⊗ I)(ρ) =∑
i j
Te(|ei〉〈e j|)⊗ρi j =∑
i j
|e j〉〈ei|⊗ρi j
(T⊗ I)(ρ) =∑
i j
T (|ei〉〈e j|)⊗ρi j =∑
i j
|e j〉〈ei|⊗ρi j
The |ei〉 also form an orthonormal basis ofHA. Now let |Ψe〉=∑i |ei〉|ψi〉
be any pure state of HA⊗HB. Then |Ψ〉 = ∑i |ei〉|ψi〉 is also a pure
state and
〈Ψ |(T⊗ I)(ρ)|Ψ〉= 〈Ψe|(Te⊗ I)(ρ)|Ψe〉=∑
i j
〈ψ j|ρi j|ψi〉
A.4 Proof of Lemma 10
Proof Let us assume P is positive semidefinite: P = ∑i λi|ϕi〉〈ϕi| with
λi ≥ 0. If 〈ϕ|P|ϕ〉= 0, then ∑i λi|〈ϕ|ϕi〉|2 = 0 and λi〈ϕ|ϕi〉= 0 for all
i and thus 〈ϕ|P|ψ〉= ∑i λi〈ϕ|ϕi〉〈ϕi|ψ〉= 0 for all |ψ〉. uunionsq
B Distillability
Note that the Peres Criterion is not a characterization. If the partial
transpose of ρ is positive semi-definite, ρ may still be entangled. Fur-
thermore, if a state ρppt-ent is entangled and admits a positive partial
transpose then it is not distillable (namely, one canot distill a singlet
state out of many copies of ρppt−ent via local operations and classical
communication). Such states are said to have “bound entanglement”. A
characterization of distillable states can be found in Horodecki (1997).
Here is the lemma as we use it, as stated in Kraus et al (2002).
Lemma 25 (Kraus et al (2002); Horodecki (1997)) A state ρ of
HA⊗HB is distillable if and only if there exists a positive integer N
and a state |Ψ〉= |e1 f1〉+ |e2 f2〉 such that
〈Ψ |(T⊗ I)(ρ⊗N) |Ψ〉< 0,
where {e1,e2} (resp. { f1, f2}) are two unnormalized orthogonal vectors
ofH ⊗NA (resp.H
⊗N
B ).
C Proof of Proposition 14 using matrices
When the states |i j〉 are put in lexicographic order, the partial transpose
(T⊗ I) corresponds to transposing blocks in the block matrix, whereas
(I⊗T) corresponds to transposing each of the blocks individually. The
matrix of Proposition 14 is a 3×3 block matrix, with 3×3 blocks.
We first calculate for both ρ0 and ρ1 the entries (11,11) and (01,10)
(row 01, column 10 of their matrix). Those are 〈11|ρ0|11〉 = 0, and
〈01|ρ0|10〉= 0 for ρ0 and 〈11|ρ1|11〉= 0 and 〈10|ρ1|10〉= 1/2 for ρ1.
Those values were obtained in the main text. The matrices for ρ0 and
ρ1 are then the following (useless entries being kept blank).
00 01 02 10 11 12 20 21 22

00
01 0
02
10
11 0
12
20
21
22
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00 01 02 10 11 12 20 21 22

00
01 1/2
02
10
11 0
12
20
21
22
Then, the 3× 3 block matrix is transposed, giving respectively for
(T⊗ I)(ρ0) and (T⊗ I)(ρ1) the matrices:
00 01 02 10 11 12 20 21 22

00
01
02
10
11 0 0
12
20
21
22
00 01 02 10 11 12 20 21 22

00
01
02
10
11 1/2 0
12
20
21
22
The matrix of (T⊗ I)(ρε ) = (1− ε)(T⊗ I)(ρ0)+ ε(T⊗ I)(ρ1) is then
00 01 02 10 11 12 20 21 22

00
01
02
10
11 ε/2 0
12
20
21
22
We see clearly that the matrix of (T⊗ I)(ρε ) has a 0 diagonal entry for
which there is a non zero entry on the corresponding row (or correspond-
ing column). That implies that the matrix is not positive semi-definite
and consequently that ρε is entangled.
Of course, the blank values in the density operator for ρ1 could
take any value without affecting the result; in fact any density operator
ρ1 such that 〈11|ρ1|11〉= 0 and 〈01|ρ1|10〉 6= 0 could have been used
instead to give entangled states that arbitrarily close to ρ0.
